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POTENTIAL FLOUT THROUGH CENTRIFUGAL PUMPS' AND .TURBINES* 

" _ _ '. _ ii 

By E. Soreneen 

The methods, of conforraal transf ornation up to the 
present hare "been applied to .the potential flows in the 
rotation of solid, "bodies onl^ to a United extent. The 
principal reason for this lies in the fact that the "bound- 
ary conditions are- not naintained after the transformation 
All notions of solid "bodies in the fluid lead to boundary- 
value problens of the second type, in the sense of the po- 
tential theory "because on certain "boundaries of a region, 
not the potential itself "but its nornal derivative, is 
given. In transf ornations referring to pure translations, 
this difficulty was net "by passing frpn the absolute to 
the relative flow and thus converting the houndar; — value 
problen of the second kind into one of the first kind. 
The nethod, however, is not applicable to notions of rota- 
tion since the relative notion. is no longer free f roa vor- 
tices (irrotational ) . The case of rotational notion is, 
however, a very inportant one and absolutely necessary for 
investigations on centrifugal punpa and turbines. Sorie 
successful attenpts have "been nado at. treating this prob- 
len of rotational notion. Zucharski , in 1918, investigat- 
ed the rotation of a radial-blade systen, whose blades ex- 
tended to the axis ("Plows of a Frictionless Fluid," Olden 
hour 4 ;, 1918). Without r.akin* use of confornal transf or- 
nation,- he investigated the relative flow and conputed ,it 
numerically with the aid of an approximation nethod. 
Spannnake, then, in 1925, usin«j the absolute flow as a ba- 
sis for his investigation, conputed, with the aid of con- 
fornal transf ornation , the systen of radial blades with 
arbitrary entrance and exit radii, and indicated the pos- 
sibility of conputing systens with arbitrary blade shapes 
(Z.f .a.M.M. , Bd. 5, Heft 6, 1925; pp. 481-434). Both au- 
thors considered the so-called "two-dinensional flow," 
which will also be used as"a basis of the present work. 



"Potentialstronunijen durch rotierende- Krei selrader-. n ■ 
Z.f.a.M.U., Bd. 7, Heft 2, April, 1927, pp. 89-106. 
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1, THE COMPLEX POTENTIAL EOS TEE fiOTATIOH 



07 a piece of a curve w B = (a), where a 
etor that varioB "between definite limits a Q 5 a 'S o. 1 



The rotation of an arbitrarily shaped "blade in a com- 
plex w plane ^ives rise to a definite and known normal 
component v n of the velocity for all water particles on 

the "blade surface; In the w plane let the "blade be "given 

is a par'.n- 

The 

anfle a, at which the "blade curve intersects, a raj- from 
the origin of coordinates w = 0 (fis. l) ia similarly 
a function of a; cos a = f s (a). Let the blade rotate 
with the angular velocity u) about the point w = 0. : 
There then arises r. peripheral velocity u = cu Jw B | = 

u) • The normal component of the velocity of a 
water particle on the blade Hurface is then v n = u cos a 
= ty |f x (a) j f B (a). Kow let the w plane, by a tranBfor- 
w = ? x (b) be carried. over into a z 



(a)| 



mat ion 
TJoints in the 



plane. The 



z plane corresponding to the points w 



s 



of the blade in the w plane a^ain lie on a definite curve 
z s = ^a^-J determined by the transformation function^ It 
is now required to find the complex potential $(w), which 

in the w plane represents the rotation of the biade about 
the origin. This potential, after it has been transformed, 
must in the z plane at each point of the curve z s =_ 

3 B (a),' five a nornal volocity 



c n = T n 



dw 
dz 



[z=z 8 =q 2 (a)'] 



c n = w |f x (a) | f a (a) 



c n = s 3 (a.) ■ 1b similarly a definite and known function. 

Now Spannhake chose for z a = <5 a (a) the equation of 
a circle at whose contor he assumed a numbor of double 
sources (doublets) of hi^hor order} 

* s = S a (a) - z Q + q e ia ; 0 ^ a < Rtt, *(,) = S j^±l 
Then 
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o n - - 2 k [Ajj. cos(ka) + Bj sin(ka)] q^" 1 = 

= UM - » |fxCA>| fa (a) | ^ | " 

The potential is thus determined when the coefficients 
of the a. hove Fourier aerie s have "been found. In this Tray 
it is fundamentally possible to find the complex potential 
for the flow through a rotating impeller with arbitrary 
numher of "blades and "blade shape. She most important part 
of the rork is the carrying through of a harmonic analysis 
a process which can "bo carried out simply, only if the 
function c n = <5 3 (a) possesses a well converging Fourier 

series. This, however, is "by no moans always tho case, 
and the example treated "below "by a different method indi- 
cates the practical impossibility of finding a sufficient- 
ly accurate series of this type for the required potential. 
The transformation of the "blade w = gj,(«) into a circle, 
can "be made in an infinite number of ways and the function 
c n " 3 3 (a) depends a^ain on the position of the center 
and on the radius of the transformed circle. It mi«5ht 
he tried, therefore, to choose the center and radius in 
such a manner that g 3 (a) «?ives a strongly converging 
series; it cannot "be predicted, however, that this will 
always lead to a successful solution. 

The nothod chosen for tho following computations 
gives the potential in the form - not of a series - but . 
of a definite integral. (Lamb, Hydrodynamics sections 
57, 58.) Or. tho "blade curve z B = g a (a), a source and 
sink distribution 1b assumed. This source distribution 
can onlir be made if the blade curve z a = ? a (a) encloses 
a region in the z plane; i.e., if the top and bottom 
sides of tho blade are separated* In tho w plane, this 
is not necessary. The transformation function can be so 
choson that tho ration enclosed by tho blade contour in 
the z plane is transformed in the w plane into a sec- 
ond Eiemann sheet. The blade will then appear in the w 
plane as a section in one Blemann sheet of the at-least 
two-sheet w plane, the blade tipB appearing as branch 
points. 

The quantity of water per second appearing or vanish- 
ing at a point of the curve ? a (a), is similarly a func- 
tion of a: q(a) = 2g 3 *(a). The quantity originating at a 
curve element ds is dq = 2g 3 »(a) ds. The potential of 
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this elementary source is 

d* =|S ln( z -s B ) =^ *E 3 f (a) ds In [a-* a (a)] 

dSa(a) 



CD 



ds 



da 



da 



The potential for tho entire source distribution, there- 
fore, is: 




whore Y is the an?lo of inclination of tho blade curvo 
z s = *?a( a ) *° *- 13 axis of i-oals. Tho problem nor is to 
find a sourco di stri oution which at each point ^ivee tho 
truo roquirod c n cor.ponont . In tho general caso , the 

difficulty b~ this method io thus only shifted - not over- 
come. There aro cases, however, for which the sourco dis- 
tributions can readily ho indicated. One of' theso cases, 
for example, is tlv.t where the blr,de in the w plane can 
be transformed into a circle in the z plane; (z B = 
3 a (a) is then the equation of a circle). As is known, a 
source and sink of equal strengths separated by any dis- 
tance, ?ive riBe to circles as streamlines. If a source 
and sink of equal strength can be arbitrarily located on 
the circle z g = g s (a), then the latter becomes a stream- 
line. The c n component at any position then is not af- 
fected by any Bource or sink on the circle, with the ex- 
ception of the one which lies at the ponition considered. 
The magnitude of c n at any point, therefore, is propor- 
tional to the source strength at the point under consider- 
ation. . The function for the source distribution q(a) = 
2g 3 f (a) thus becomes identical with the function for the 
.o n component.: 

q(a) = 2c' n (a) or «C 3 '(a) - ? 3 (a) 
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In this manner the required source distribution and con- 
"plex pot-ential are found. ■ . . ._ , 

A second case is that considered in detail in what 
follows. The region about the blade in the w plane is 
transformed into the upper half -plane, and the region en- 
closed by the blade into the lower half -plane of the z 
plane. She blade contour becomes the axis of reals in the 
s plane. Each source or sink assumed on this axis makes 
tho latter itself a streamline and thus gives rise to a 
o n component only at the point where tho source is locat- 
ed. The sonoral parameter a, in this case is represent- 
ed by tho running coordinate of tho axis of reals and in 
the following will bo denoted by I; also,- in this case, 
g 3 '(l) = ; 3 (l) = Cq(1). The function for tho blade con- 
tour becomes: 

S s (l)=l;-».il^+°= (4) 
Further, ds = dl 

fc(z) = £ f ? 3 (I) In (z - I) dl (5) 

+eo 



-co 



dz 



i ^ - i r Sail) « . 

= c x - i c v = - / — — 

« v TT ' Z - I 



(6) 



— 00 



This integral waB first sivon by P. A. Walthor (Transac- 
tions of the Central Aero -Hydro dynamical Institute, Ho. 18, 
Moscow, 1926). 

The complex potential $(*) for each point z a x + 

iy may be computed as the definite integral with respect - 
to I as integration variable. 



+00 

— _ = v - * a«r B — / g H- 



—00 



Again it will be shown exactly that lin I lie. [c_(x,y)3 

y — >0 u x — >l * 

B 83(1) = c n (l). By separating, in equation (7), the real 
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and imaginary parte, there is obtained 

+08 +0B 



1 r «,(*) J dl o 1 r 0.(1) y dl 
"J (x-l) B + y 3 "7 (l-x) a + y* 



—00 



Set u s (I - x); then dt = du. For I a ± op, u = ± u>. 
Equation (3) now "becomes 

+00 

(u+x) y du 



-y - tt , / 



a . a 
u + y 



-co 

3y splitting up into part integrals, there is obtained 

u x -u a +oo 

y / c n (u+x)du l f c r (tt+x)r du . 7 P c n (u+x)du 

y = H,/ nj " n B +y a TT./ U 2 +y a 

-°° Hi U 3 .(9) 

where Uj, < 0 < u a , y being considered as constant in 

00 

the integration. The integral Aq = / c n (u) du 'jives the 

u 0 

quantity of water originating on the piece of axis of 
reals u > u 0 . This quantity is erual to that displaced 

"by the corresponding piece of the rotating "olnde in the w 
plane and must therefore "be finite. The integral can as- 
sume a finite value only if [c a (u)] = 0 =» l/oo k where k 

u — f« 

is a number greater than 1. From this the result directly 
obtained is that the first and last integral of equation 
(9) must similarly "be finite, "because for u — J> ro the in- 
tegrand "becomes infinitesimal to greater than the third 
order. Hence, lim [y/-n (J x + J 3 )] = 0. 

Since the function P(u) = —5 5 always has the 

y + u 

sign of y f the integral J a can "be transformed "by the 
mean value theorem 
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1,1 / \ / y du . . 

where u Q o u x + * (u a - u x ) and 0 < * < 1. 

Jj a = ^,(^ + 1) [(tan" 1 ) Si.- (tan" 1 ) 

If noi7 7—>0, then (tan** 1 ) Ux/y — >- tt/2, "because Uj, < 0, 

and (tan -1 ) u a /y — tt/2, "because u a > 0. Hence, 
r -i 

lin I - J a = c n [Ui + * (u^u^ + x] = c n (u c +x) 
7 — >0 L1T J- 

In order to determine at which position the value c n 

of (u) should he taken, the two values u x and u a are 

made to approach zero. Shis does not change anything in 
the proof thus far. Since Ui < u 0 < u a , u 0 must also 

approach zero. (There is thus ohtained: 

Por u = 0 x = I , hence 

lin^ lim^ (c y (x, ?))J = c n ( l ) ( 10 ) 



2. 'APPLICATION OP THE METHOD 



To carry out practically the above-described .procedure 
.for the general flow through the rotating centrifugal pump, 
the flow is decomposed into two components. (See Spann- 
hake.) One oonponent , the "discharge" flow, arises from 
the vortex source on tho axia^-rind fr$e circulations about 
the blade for the Impeller .n^ijtatiffi&ill . The blades are 
streamlines and this flow -cait bo ..fiir^ctly derived from 
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known potentials "by p. confornal tranef omation.. She sec- 
ond part., the "displacement" flow, arises through the ro- 
tation of the inpeller in the fluid at rest. Tho poton- 
tial for this flow is <5iven "by tho above-discussed inte- 
gral. 

In pump and turbine construction , overlapping blades - 
that is, those for which the anile \|f > 2n/h (fig. 2) - 
are almost exclusively employed. Such an inpeller, with 
blades whoso contours are logarithmic spirals, will now be 
investigated in greater detail, For .this purpose., the 
transformation that Konig has previously ^iven (Z .f .a. U.K. , 
3d. 2, Heft 6, 1922), will be employed. This transformation 
is the following: 

io , z ™ z a . -ia , z - z a n 
w x = e In + e In =- (11) 

z - z b B - B-jj 

where z a a x a + iy a * r a e^* n and %- b = x^ + iy 0 = r^e A *o 

are two points on the positive half-plane of the z plane 
with distances r a and r-^ from the origin; z a and z" D 
are the corresponding conjugate values (fig. 3). The liven 
function transforms the real axis of the z plane into 
the "ladder" shown in figure 4. The "steps" are rectilin- 
ear and parallel to the axis of reals in the w plane, 

one step lying on the axis Itself on the negative side, 
with one end at' tho origin. Tho length of a step is equal 
to 1=2 [cos re In r a /r D - (* a - *b) sin a], Tho ladder 

axis, with the axis of imaginarieo of the w plane, makes 
the angle a. h = 2tt cos <x = t cos a is the vertical dis- 
tance botireon the steps. 

Now (see Konig, loc. cit.): 

sin + a - tt/2) . . 

a) tt l/h = In — T^r^— — tx—^—k - (tt-2o\.) tan a (12) 

sin (©i, + tt/2 - a) 0 

o) *a + *T, - w ...... (13) 

. (14) 

The transformation determines only tho ratio r a /ro, " b '°-^ 



) fjl Sim ( ^ + q - tt/2 ) 
r b = sin ( . + ti/s. - a). 
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not the values of r a and r B , themselves. One of the 
absolute values' may' he' arbitrarily cho-sen -f for example. 
r a a 1 . In this tray the oompututions "below are consider- 
ably simplified without restricting the gonerality of the 
results. The following relation now holds t 

x a a + - = r* a 1 and further, since 

*a - tt - 0 O , x^-b = - x-b (15) 

y n r h e ^h < 16) 
Trom tho transformation equation, thoro is obtained: 

Wj. = - », if 2 a B a or B = "2 a , Wi = 0, if Z = Od, 

Wx = + », if s » z 0 or z = "z D . The image points of 
z a , "z* a , z-jj, z-jj thus move off toward infinity in the 
w x plane, while the ima^e point of z a as moves toward 
the origin. 

By means of the transformation, w a = w x e"* ia , the 

ladder is rotated "by tho angle a aoout the origin in 
the clockwise direction (fig, 5). Tho axin is now at 
right angles to tho asis of reals with the steps inclined 
by tho angle a. 

By tho transformation w 3 = e 3 , a strip of the w a 
plane of width 2rr i is transformed into a sheet of tho 
w 3 plane (v 3 = p 3 e ). The points of all the steps 

now lie* on a logarithmic spiral whioh intersects every ray 
through the origin: at the angle a (fig. 6). The right 
end of the step corresponds to the point p 3 =0=1; 

^aa " 0 ln w 3 plane, and the left end to the point 

P 3 = p 3t » e** 1 coaa , ^ 3 = = I sin a (in the diagram 

\|/ 3l > 2tt). 

By the transformation w » l^wj. a piece of the spi- 
ral of the w 3 plane 1b transformed into n pieces of 
the logarithmic spiral in the w plane. These spirals 
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likewise intersect every -r&r- through the origin' at the an- 
gle a (fig. 2>. To -the point P 3a ■ 1, \|/ sa = 0 corre- 

n ^k 

spond the n'- points ,/T = 1 e k = 0, 1, 2 to n - 1. 

The inner "blade* (spiral) ends lie on the circle with p i = 

n r— 

Jp . . The angle subtended by a "blade is- equal to 

3 X 

the blade spacing angle is equal to 2-rr/n. The 
ratio of these two angles is denoted by m (fig. 5). 

m = JL _ Izl e I ain_a a , sin a cos a m I sin &a t 17 ) 
2tt 2tt t h h . 2 

The successive transf ormation functions can he eon- 
hined into a single one. From 

■ 

la , * *• ?a -ia , z " -ia 
w x = e in — ■ 5 + e In xr B = w- e ; 

Z — 55 -v Z — Z-> 



h 

w 8 n . • 

tr 3 = e ; w = ,/tr 3 follows : 

-ia / _ .o-iafee- ±a 

(i_:_fa) e (1.14a) | (18) 

l>z - z D ' ^z - z-/ J 

This is the function that transforms the real axis of the 
z "plane into a "blade aystem with n "blades in the w 
plane* In this function a, z a , and z^ are still undeter- 
mined; . a is- the anglo formed "by the "blade with the; radi- 
us vector, and z a and z-^, are determined from equations 

(12), (13), and (14) if a definite ratio of radii or over- 
lap, ratio m is prescribed. Prom n there is first de- 
termined "by equation (17) l/h; then *- Q by equation 

(12), and finally, r a /r-j, "by equation (14), 

5. POTENTIAL FOX THE FLOff T7TTH IMPELLER AT BEST 

The transformation equation (18) shows that for z = 
z a w = 0 and- for z = z w = ' ». For the flow with 
"blades at rest, the point w = 0 must be a" vortex source 
and the point w = e>, a vortex sink. At the point z a of 
the z plane there must therefore he located a vortex source, 
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and at the point z a vortex sink. In order that the 
axis of, rails shall "be _a . str.e.anH.ne.,.. the source, and sink 
"must be reflocted in tho points z a and z-j,. The poten- 
tial for the flow in the z plane, therefore, is: 

$d(s) = (a. + lm) In (z-z a ) + (s+io) In (z-z^) 

+ (q-in) In (z-z" a ) + (s-io) In (z-Zn,) (19) 

, it 

(See Koni^, loc. cit,), where q. is the strength of the 
sources, s that of the sinks, and n and o are the 
vortex strengths. The .lontinuity is satisfied or.ly if 
q. = - 8 "because there Trust be no nink at infinity. 



4. POTEHIIAL FOB. TH3 FLOTT BUS TO TH3 BLADE ROTATION 



The rotation of tho impeller in the vr plane ^ives 
rise at the blade surface to norual components of the ra- 
ter velocity v n = |u>| w cos a. By the function (18) the 
blades of the vr plane aro transformed into the axis of 
reals of t>.e z plane. Bach point z = I of this axis 
thus corresponds to a jlade point w, tho value of I 
varying from - » to + ». A potential oust nor: be found 

rhich at each point I -~ivos rine to a norr.al velocity: 




(20) 
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For real z = I, the magnitudes In the two "brackets 
are themselves also real, "because in this case they 
consist of a product or a sum of conjugate complex numbers. 

Moreover e*"* a = 1. The absolute value of dw/dz, on sub-* 
stitutin? the real value I for z, can therefore he 
written as follows: 

-lot 



dw 


1 1 


dz 


(.-I) *l 



A**.-"*} e la 



<z a - z l3 )e- iot 



L(l - 2 a )(l - z^) (I - z a )U - z^jJ 



Hence at the blade : 



o = — cu cos a 



,ia 



H - Bt/ H - Z^' 



1 e- la 



T < z a " z b> 



<z a - i-h)e-ia 



I 

L (l - z a )(l - z^) (T- - z a )(l - z^)- 1 
She following notation is now introduced: 



l - Z * = ,.iv and 



H e 



-iv 



l-z. 



t U-z a ) (l-i*) U-x a -iy a ) (l-x^i^) 



l - z h (I-^XI-zt,) (l-xu-iy^Jd-iTj+iyT,) 

( l-x a ) ( I )+r a v-b+i ( 1 -x a )yy- (I -Xt, )y, 
(l-x b ) a + y^ 2 

Hence the absolute value and the argument are: 

,y r Cq-'X a ) (l-.XT ) )+y a y 1) ] a + CCl^Jyo-d-XT,)^ 8 

U = g- g- -■ 

(l-x^) + 7lj 



(21) 



(22) 



(23) 



S = H e iV 



(24) 
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tan -W' 
>ia 



(I - x a ) y-b - U-^Jr 



..... v--= v(l ) 



(25) 



(I - x a )(l - x^)+ y a yb 



•21) 

III* 
Hence 



^cob a e - vain a e -i(ln n ain a + u cob a) 



_ ^a co 8 a e -av ain a 



(26) 



Kow raise the expression (26) to the power £ e * a 
[^a coa a 0 -*av ain a]g/n(coo a-i sin cc) = 

ajia/nd+coa aa) e - a/n v ain a a e i a/n (in n atn aa-8v Bin 8 a) 

The absolute value io therefore 



a/n e -io 



_ ^a/hd+coa aa) e - a/n v ain 8a _n(l) l/n 



(27) 



Now transform the List factor of (22): 
< a a- a h eia (« ft -z v )e- ia 



+ _. 



(l-z a )(l- Zlj ) (l-z a )(l- Klj ) 

(z a -z b )(l-z a )(l-z t )e la +(^ a -z t )(l-z a (l^)e la 
(l-z a Ul-z 1) )(l-i a )(l-z ll ) 

Thia expreaaion ia alao siven in Eoni^'s paper (loc. 
cit. (equation (5)), where the condition is expresaed that 
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the coefficient of I and the term not containing I in 
the numerator t must he equal to zero. This condition is 
satisfied through the equations (12), (13), (14). Taking 
this condition into account, there is obtained by multi- 
plying and collecting torms: 



(l-z a )(l- Zlj ) (l-s a )(l-i 1| ) 

21 [cos ad^-r^+r^^ )-2 sin aU^-x^)] 

Thus Cjj 1b doterminod as a real function of I: 
c n (l) = I u, cos a n(i)a/n(i + eos fi*> c a/n v sin sa 

x 



(28) 



(29) 



k = 2 [cos ad^V+yi, 8 -^) - 2 ain "(W^a^ (30 > 

k is thus independent of I rhilo jx(l ) md u(l) have 

the values civen by oquations (24) and (£5), tho absolute 

valuo of Ji(l) boing always greater than zoro. lin V>(1) 

I — >oo 

= 1 bccauao numorator and denominator p,ro of tho sano do— 
groo and tho highest powors of I in tho numorator and 
denominator have '.the factor 1. V (I ) fluctuates be- 
tween the- limits v„ _ > 0 and v„ Av , < 0; lim v(l) = 0 

bocauso the denominator "is of higher dogrco than tho numor- 
ator. M(l) = n(l)a(i+coo aa) e -av(l)sin aa l8 alway8 pos .. 
itivo .md finally 

lim K(l) = 1 (31) 

I £00 

lim .[M(l) l/a ] = 1 (32) 
n — >'oo 

c n (l) bocomos aero to .tho first ordor if I — *0. 
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Moroovor, [o n (l)] = 0 to tho third order bocaus'o, 

" ■ ' ■ ■ ■ I— *o» - - 

according to equation (29) tho denominator of the last 
factor io threo desroos hi^hor than the nunorator. 

Tho potontial for tho diBplaconont flow in tho z 
piano, according to equation (5), ia: 

i 

+00 

Mb) = J f o a (l) in (z-l) dl 

—to 

where c n (l) has tho above-dot orninod noanir.?. Tho com- 
plete potontial for tho combined flow conpononts is equal 
to tho nun of tho individual potentials: 

*(■) = y d (z) + 5 v (z) (33) 

The corrospondins transf ornaticn functions aro ^irren by 
oquation (18). 

5. VELOCITIES AT TEE BLADE TIPS 



In the cor-plox potential function (33), thoro to in- 
volved ?. number rf ma^nitudoa whoso choico providos the 
possibility of roprosontin<; tho noot varied types of flow 
(id, p, o, m). Mathonitically , thoso ::.a?nitudos nay be 
chosen arbitrarily without violating tho single condition 
that so far has been imposed. This is the continuity con- 
dition, which ia expressed by the Laplace differential 
equation: 

-a a. 
A $ = + O = 0 

ox By 

A solution of thiB equation i8 =;ivon by the complex poten- 
tial (33). Practically, that ia, physically, two further 
conditions Btill exist which thua exclude tho poasibility 
of a completely arbitrary choice of all these magnitudes* 
Tho one condition, which practically always nay be assumed 
as satisfied, states that tho water always flows off tan— 
^ontially from tho impeller blados. Tho othor condition is 
<5onorally not satisfied in prnctico, though it 1b attomptod 
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always to satisfy it as nearly as possihle. This is on 
the condition that the water approaches the impeller "blades 
tan«fentially or, as the punp designer expresses it, that 
entrance "be inpact-f ree . With "both conditions simultane- 
ously satisfied, the punp attains approximately its opti- 
mum of ficiency, and is said to work in its normal operat- 
ing condition. This condition will he assuned as the "ba- 
sis for further investigations. A lar<;o majority of pur.ps 
have no «;uido vanos ahead of tho impellor; thoroforo the 
water enters the inpeller without internal circulation. 
This would r.ean that n rust he set equal to zero. This, 
however, will not he mourned to he the case at first, in 
order- not to restrict the generality of results too great- 
ly. Mathematically expressed, the ahovo physical condi- 
tions" state that the derivative of tho potential 4>(w) in 

the w plane, at the- points corroapondin<; to tho "blade 
tips, has a finito value. The nontan^ontial flow is thus 
alwavs (mathematically I) associated with tho occurrence of 
infinitely lar^e velocities. TTo nust therefore havo h 

d$> 

< B whore h and B arc two finito magnitudes and 
w=w oi 

w=w a a 

w fl j and w sa donoto respectively tho inner and tho outer 

tips of tho "blade. In tho z plane theso points corre- 
spond to the points z = 0 and s = oo, respect! voly. 

^ d$(z) dz 

— — •; honce, 

dz dw 



dw 



d$(' 
Sow. ----- 



h ^ 



< j d$(z) dz 



dz dw 



;=o < B 



dz 
dw 



-- = n o 



ia 



- i/n »-ia 



x - 



(z-z a )(z~z- 0 )(z-z a )(z-z 0 ) 



k z 



with account taken of equations (20), (28), and (J50). 
dz I 



155 =0 



thus oeconec infinite to the first order, he- 



cause the first factors and the numerator of the last fac- 
tor remain finite while the denominator of the last fac- 
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tor approaches zero linearly. In order that ^fo^ have 

-fl- finite value, nuat equal zero to the firat order 

cLz 

if z is set equal to zero. The firat condition equation 
(for impact-free entrance) thus reads: 

■ Ass dz J z=o 
Now 

d$ d (z) = q + in s + io q - in + a - 1 Q 

da z - z a z - z-b z — "z a z — z" D 

d$ d (z) 1 /q + in a + io q - in , a - ib, 

= — 1 + + — + S3 j 

L dz 4s»o ^ z a 3b ^ a z b ' 



P 



= - a ( q 3C a " n ' v a + bx d " 

x a a + V x b 2 + J'h 



Tho conplex potential for the diaplacer.ent flow is: 

+00 

r 

fcyU) = J J(1,js) dl , whoro F(l,z) = o n (l) ln(z-l) 

—00 

Tho function ,z) satisfies tho followiu*? conditions: 

1. JP(l,z) and the partial derivative ^lll-!."! = 

d z 

— ^ — =• are continuous for every arbitrary I 
z • u 

and every z f I. 

2. TU,z) and oJIHj-3.} -become inf initesinal to 

cs z 

higher than flrnt. order if I — *± w. The 

derivative can therefore he obtained by differ— 
entiating under the integral si^n: 



dC v (z) m 1 f* o n (l) dl 
dz Tt • J z — I 



—00 
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+00 



[ 



dtt v (z) 
dz 



with 



•-if ^ 

) — «> 
+a> 

B a = f 1 



o n (l) dl 



(34) 



(35). 



— 00 



so that the condition equation asaucos the forn 
[* &$(«) ] 



L dz 



. _ 2 (*^a + _ 1 ^ 

5=0 ^ 1 *7 ' * - 



(36) 



In order to ho ahls to set up the condition for tho 

d$ fl (s) d$_(z) 

tangential flow, the derivatives — r and — 7 

dz dz 

must "be expanded in series of decreasing powers of z 
d$^(z) _ (q+im) (z-z a ) + (q-im)(z-z a ) 



dz 



(3-z a ) (z-z a ) 



(s+io)(z-'z- b ) + (s-io) (z-z-jj) 
(z-z-j,) (z-z-j,) 



By dividing out thore is o'otainod: 



d$ d (z) 
dz 



2 2 2 

- (q+s) + --a (qx^ny^sr-b-oyo) + -"5 (..-•) +.-(37) 



+O0 



dz TT._/ Z - * IT Z ./ n 



■=00 



since 



+ £ / 

—00 



+O0 



+CO 



z a ./ a - I 



—00 



(38) 
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It /will now "be shown that tJxe. integral 

_oo 

becones a egual to zero If z — s»oo . lor this purpose, 
c n (l)"^ = f(l) nust "be developed into a power serios in 
(l/l). 

c^ClH 8 = a n(l)* e cv(l) 3 l — B 

^ I* + dl 3 + ol a + f I + * 

Tho throe factors, functions of I, nay all bo represent- 
ed as power sorios in (l/l) which convor^e absolutely 
within a definite interval - r x < l/l < r a , which also 

includes the point l/l =0. Also the product of there 
three factors nay then he represented as a power series 
for (l/l) with a definite iJonvor^ence Interval. As 
shown above, . lin (o n (l) I = 0 to the first ordor. 

. I — >00 

The power series thus has the following fore: 

c n (l)l a = + 2| + ^§ + - S 2j (39) 

III n=i I 

and converges in tho interval p x = l/l i 1 < l/l < l/la 1 = 
p a where I3. 1 < 0 and la 1 > 0. ?or all values within 
the convergence intorval the nerios converges absolutely; 
if I < li* or I > la" 1 . Tho limits of tho convor^enco 

intorvals are not of importance, tho essontial considera- 
tion beini that such an interval with finite Units Ijf , 
l a f exists. 

The intcsral to be invosti^atod is split up into 
throo-part integrals: 

+00 l x l a +°° 

P gnjjjljl /* CnU^M + n o n (l)l 8 ai + f end)* 8 ** 
J z - I J z - I . / z - I J ' z - I 

-co -00 \ 1 l a 

J = Ji + Ja + J 3 
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l x < l x » < .0 and l a > l a * > 0. She integral J a con- 
verges to zoro for increasing z sinco it has finite Un- 
its and 11m (i - I) a a; lln J a = 0 to the first order. 

In .order to estinato the integrals J x and Jg , the 

expression — — — — - is transformed "by setting for e n (l)l 
a — I 

the poiror series: 

c n ( l)l a " &i . a a . a 3 . 
= + -a- + -5 + ..... 



z-l I (z-l) I (z-l) 1 (z-l) 



•The -jenoraj. torm - is "broken up into a tora with 

I (z-l ) 

z-l in the denominator , and^ tho remainder developod 

into a series of powers in TT . , 

1 (Z-l) Z (zr-l) Z I Z I Zl 



Then 



*n 
z 

Now 

1 



c„(l)l a 



- I n=i ^ V(z-l) z n l zl nJ 



W B < |ii - |i|) j B | n ( w— W) M a M 



i . i 

— s + + 



Hence 
1 



|-| |l| 



|z| * |z-l| |,»| <>j - |l| ) |l| »( fz[- l|) ' |z[ n 



H'lH ' + + H 1*1 



Uulti plying "by |a n j and adding, ?ives: 



HAOA Technical Memorandum No. 9 73 



21 



( i i > " K\ + i s -fe=L 



2 



zi n |z-ll" 



■i Vi°} 



Tie two series on the left side converge absolutely, 
however, only if z and t fall within £he interval, of 

convergence of the series (39) c n (l)l = ^2^ Hence 

the series on the ri^ht also converges absolutely and thus 
satisfies the condition for change in order of the terms 
"of the series. "By a di sarran«5erient of the terms, there is 
obtained: 



>nUHl 
z - I 



= 2 
n-i 



S—l 



How 



ro a„ °° 1 °* a^+r 

2 ZB + s A- 2 ~ 

l> n-i z 11 A=l z * r«i ^ r +1 



aft+r _ 1 i. 



2 2 

v=i z A r=i I +1 z I 



co 



1 - v afr+3. 
X =1 z^ 5 r=i l r -l 



3 This double cories starts with a tern that contains 
l/l ; therefore it can he integrated fror. - » to . l x < 

0, and from lg > 0 to + » if l x and l a lie ln t2lB 
interval of convergence . The value of these integrals ap- 
proaches' zero as s pa» . * There still remain; to he con- 

A 

sidered in greater detail, the two integrals Sj, J 

—CD 

(~ + « s. 7 r-- + t> di . ( * = J ■ ■* 

Vz-l ly 1 "t \B-l l> v 11=1 z ' 

3 

following expression rill first he computed: 
_ . , 

For this convergence proof as rell as various suggestions 
for the mathematical treatment, the author is indebted to 
Professor 3oohm, Zarlsruhe. 
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f* dl , 8-1 a , Z-l, 

+ s, / — : = - s. In — - a. In — — 
1 / z-l 1 z-l u 1 Z-lj 



= - 8, In 



(s-lxUz-lJ 

(z-l u )(z-l a ) 



As is known, tho Uniting valuo of such expressions as 



-2> + co and I, 



0 — r • » a.jj.u. w u -3> oo depends on tho r.e.nner in which 

tho Unit Is approached. Tho result will "bo different, 
for example, if we set l„ = l u or l 0 = l u 3 t » n d then 

pass to tho Unit. In this caao, however, tho nanncr of 
approaching the linit is 'sivon "by tho type of transforma- 
tion function w = f(z), t 0 and l u "boin^ the two values 

in the z plane which corrospond to the sane point of tho 
"blade in tho w plane. If, now, w rcovos toward the ond 
of tho "blade turnod away fron tho origin, then l 0 and l u 

approach infinity in such a nannor that jloAul = (See 
equations (22) and (23).) 



In tho expression 



lin 

Z — J-co 



lin 



r (z-i 1 )(z-i 0 ) i 

L (z-l u Mz-l a ) j 



l u ->-< 



= I. 



There Is thon obtained 



wc nust theroforo sot |l, 

• lln [ ln WW] _ llB h n ^] 



lin 
z — 



o 

Liu- 



— 00 



Slnilarly, there is found: 

lj_ +oo 



— 00 



1 U 
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By combining the two partial results, there is obtained: 

• """" * 

+00 



lira [ / 



a 



c i CD. I di 



z — I 



•3- 



(40) 



d$.,(z) d*_.(z) 
The two derivatives t and are now Bi- 

as nz 

panded in decreasing powers of z. Por z — »-os, the de- 
rivatives "become equal to zero to the third order. This 
ia made possible' by the fact that the coefficients of the 
terna with l/z and l/z a are. set equal to zero. In 
this way there arise two further equations of condition: 

+00 

1 > n 

2 (q+s) + - ' o_(l) dl = 0 (41) 
TT i r n 

:t 

— ca ^ 

2 (qia - my a + ss-jj - oy-j,) + ^ = 0 (42) 
where there is introduced the relation 



■7 



+00 

r 

^(1) l dl = N x (43) 



—00 

This is the .condition for tangential exit.. The first 
of these equations nerely states that there is no diverg- 

+00 

ence. The integral / c„(l) 5.1 ^ives the entire masB 

—cd n, 

of water in the z plane which the impeller blade, con- 
sidered as a source, would produce. This quantity, natur- 
ally, mist be zero since the blade is actually free of any 
sources. Accordingly, 



q = - s 



(44) 



In order to brin^ out thb angular velocity in the re- 
maining two conditions the nbrhal component , which 1b nro- 
duoed at the angular velocity 00 = 1 is denoted by cZ'U). 
so that 



C n (l ) = (JU Cjj » (I ) 



(45) 
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Moreover, the angular velocity and the circulation about 
the blades with impact-free entranco Trill he denoted by 
(Ho * and 0 o », reepoctively. The two. main equations then 

"become (with Si, a * ou 0 * . ITj. a b ) 

2 ( q x a -n 7 .-*5^^) + ^ 3 .. = o (46) 

h 



2 (ox a - ny a - <l*h - 0 0 r y D ) + Hx 1 =0 (47) 

TT 

so that in both condition equations, only the terns qx a - 
D 7a» 1 x h + 0 y~h and r b occur. 

6. COIIPTJTATIOIT OF TEE PEET03MAIT0E 



The hydraulic torque developed "by the pump is D = 

~ "2^" tne delivery head produced- is H » -2 -~ - where 

ID is the angular velocity, Q the quantity of water, and 
T 8 the circulation about a "blade. The flow in the Impel- 

ler is congruent, however. In the fields "between two "blades, 
so that sr e = n r s where n is the number of "blades. 

In the notation thus far employed, 2tt n Is the circula- 
tion on a curve within the inp'eller-blade system about the 
axis of the impeller, while Ett o is the circulation of 
the water discharged from the Impeller. It is to "be noted, 
however, that with w = ^w^" , the values q, m, o are 

multiplied "by n. In the w plane, therefore, tho water 
discharge Q = 2tt n q, inner circulation = 2tt n m, 

outer circulation T a = 2rr n o , circulation about the 

blade T B =» fcTr(o-m). The torque of tho centrifugal pump 

Investigated is thus JJ = — (o — m) and the dolivory 

iu ~* 
head H=— n(o-n). Equations (46) and (47) now make 

possiblo tho computation of the tcrquo and delivory head 
for each speed and rate of . di scharge. Por the following 
computations, there will bo assunod a pu:=p without guide 
vanos at the entrance^ l.o a( with water approach froo from 
any rotational component m =0. Equations (46) and (47) 
then bocomo: 
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From these and equations (15) and (16) f ollovrs :.. 

2tt (ivr^ + x ) . ' „. 

U) i =, 5-^ a- q (48) 



0 - - , IfiJl^^il^^ (49) 



7. C0l r .PARIS0H T7I2H " I5FI5HTE HUilSER OF BLADES n 



A nost important charasteri stic of the results thus 
far attained is the possibility of comparing them with 
the relations obtained b; r the Euler formula. The latter 
is 

D = ^ (°ua r a - c ui r i> 
The condition for impact-free entrance in thin case is 

Uio - U) 0 = v XLiQ = jj- tan a (fi?. 7) (50) 

where u is the peripheral speed, c the absolute speed, 
w the relative speed; subscript i denotes inlet, sub- 
script a the exit from the impeller, ' subscript u the 
peripheral component, subscript o impact-free inlet. 

From equation (50) , the value U) Q for impa.ct-f roe 

entrance for the case of "infinite number of blades, n on 
the assumption of 'which" the Euler formula is based, is 
computed as' - 

e ft tan a g nj taa a (5l) 
*i r i *i 



where F^ = 2tt t± . The ratio of the angular velocities is 
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■ a*-! ■• ri °' 2TT (x s — (52) 

0 a tan a (-H^l + x£ 3J a ») 

The value Is computed fron the transf ornation 

functloa "by substituting z = 0 and taking the ahsolute 
value r 4 = |w 0 | of the igr.puted value w Q . It is inne- 
diately found "by conparing the two equations (48) and (51) 
that ufc 1 ft uj 0 "but u) 0 1 < u) 0 . This results fron the fol- 
lowing consideration (figs. 8 and 9). In order that torque 
may he developed, there nust exist a "bout each "blade a cir- 
culation r B , : which reduces the velocities at the lower 

side of the hlade and increases them at the upper side. 
As a result, the radial ahsolute velocity c c at the 

source in the axis is rotated "by a certain angle to the 
right and carried over to c Q 1 . In order that the water 

shall- enter the hlade tan<;entlally - that is, with the ve- 
locity w Q - the Impeller must rotate at the entrance with 

the peripheral speed u 0 1 . With the assumption of infi- 
nite numher of "blades r a = 0 , and the ahsolute velocity 

is still radially directed at the hlade entrance. In this 
case the tangential approach is affected hy the periph- 
eral speed u Q , and from the diagram (fig. 9) tho result 

is found that u Q > u Q 1 ' or U) Q > u> 0 '« As the numher of 
"blades n-» approaches infinity V g — >0 and 
% or 



FH - 1 ■ cm) 



lim 
n — >oo L oj 

A comparison of the torque computed hy the Zuler for- 
mula with that computed for the potential flow, is sig- 
nificant only if, in "both cases, the same operating ' condi- 
tion, deternlaed hy w and q, is assumed. For impact- 
free entrance, however, a different value of U) was found. 
Tor the further computation, or.ly one value - either U) Q 

or U> 0 1 can he used as a "basis. For this purpose, lu Q * 

is chosen hecause only then are the two condition equa- 
tions (46) and (47) satisfied if m = 0. It would ho in- 
practical to start fron one of these values as a hasis he- 
cause in one case the fundamental assumptions for the com- 
putation would have to he changed, and in the other case 
the computation would hold onl^ for a punp with guide 
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vanea. Jor (O = U) Q 1 , the conputation or Euler'a nethod 

no longer 'jives "inpact-f re'e entrance',: Thi'd, however, dooa 
not affect tie value for the torque since, for the lattor, 
only tho rotation at tho exit cones into question, 
(cui rj. = 0) 

D o " |r Wa. r a = 1. Cua a '%-»ua a "b***^ °- tan a ' 

D 0 ».= a o o « (54) 

2ttl = £^L ! = njxgg^ Cgi^rlS Sil? (55) 

D o °ua y a [(x D r-i,+x a ) 2tt - n tan adrx'+p-j, 8 3J a » )] 



8. VAEIA3LE HTJK5EH 01 BLADES 



Through tho choice of tho -a-qnitudea a, z a , and z D 

in the transformation function, inpollors arc o'otainod 
whose "blades havo a cortain overlap ratio n. Tho lattor 
is independent of tho r-ur.bcr of blados n "but tho entrance 
radiuo r^ 7ario3 as a function of n in such a r.annor 

that lin r± = r a = 1. Tho limiting caso for tho blade 
n — x» 

arrangement in tho inpollor is thoreforc that of infinite- 
ly nany inf initooir.ally snail "blades. Eence, also 



ho J 



lin r^ - 1b no * oqual to.l, "but has a different value 
n — >« 

which will "be connuted helow. Iron oquatibns (29), (35), 
and (43) 

+00 

n IV -"g cos af 

—03 

+00 



n Ha ' = — co s a 

(JU 



— 00 

where 



r(l) - [(I - x a ) S + y a a ] [(I - Xt,) 8 + y^ 8 ] (55) 
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CqCI.ii) « k 11(1 ) 1 ' n l/r(l) as a function of n has a 
physical meaning only for integral positive rallies of n. - 
It is immediately seen, however, that c^Cl.n) exists 
also for any arbitrary positive value of n. Denoting "by 
M nim an<i M max« respectively, the smallest and largest 
values that 11(1) can assume, then for each arbitrary fi- 
nite interval l u < I ■< l 0 , re have: 

„ l fl _ l o - lo 

U min-y rTT) J U(l) Till < *n*x J 



or 



+» +00 

r(l) 



— CD —CD 



r r» 



. c, < ^- r r £ji . £l ] 

8 max I J r(l) J 



— CO 



This inequality is satisfied for every snail £i,a» 
provided only that |l u | .ind- jl Q | are chosen sufficient- 
ly lar^e. In the limiting case, we have , therefore: 



+00 



+00 



+00 



Mmin / tuT = J M(l) rTH " na:s J 7(1* 



—oo 



With the aid of equation (32) 



+00 



1 __ IKB i.k cos aj r 



d.1 



r(l) 



= Ji 



(57) 



+00 



lim 



n lfi'H 

. k cos 



a-/ 



dl 



r(l) 



—00 



(58) 
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The two -integrals on tho ri«;ht are to be takon over a frac- 
tional rational function'and therefore -can be eraluated in 
finite form. The solution is obtained "07- breaking up into 
partial fractions 



Al + B 



01 + D 



(I 8 -2x a l+l ) CI 8 -2x^1 +r- b 3 ) \ - 2 * a l+1 l " -?- x b l+r b 8 



Tor the determination of the coefficients, there are four 
equations: 



- 2*b A 



3 



+ r b 3 A - 2l b 3 
+ r^ S 



- 2x n 0 
a 



- 2x r 



= 0 

= 1 

= 0 

= 0 



The determinant of the denominator is: 



S 



1 0 
'2*b 1 



1 
-2x 



a 



r b 8 - 2x b 1 



0 

1 ■ 
-2x_ 



~ 2 *a 


1 


+ 


1 -2r a 


1 


- 2 *a 




-2»b 1 



-v a 



-2x^ 1 
' r b 3 - 2l a 



-2x b 1 ■ 
r b 8 - 2 *b 



(r. 0 a -l) -4x^(^+1) 
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Having determined, the coefficients, the integral can 
he evaluated (Eutte', Bd. I, or Bierens de Haas:, Int6~rales 
Definies. tahle 22, 14). 

+00 +00 

r (A14-B? dl = jl (B+Ax ). f (Cl + D) dl „ jr. (3J+0 } 
J l a -2x a l+l *a a J l a -2x 1) l+P 1) B y b 

«-co —oo 

•J' CD 



In exactly the same way the second integral is evaluated: 
1 El + T . &l + H 

+ a : . a 



(l a -2x a l+l)(l a -2 3 : lj l+r lj a ) l 8 -2x a l+l I -2x^1+^* 

2 Xv-2x_ 4r„ a -l-4x a x. +r v a 
B a ° *, p = ___ _____ ___ 

G - E - 2x a" g *. _ l-^x^x^-r^ 

K IT 

J a - ~ 1^- C^+Sxa) + -i- (H+Gx-j,) 1 
-."a 7h J 

J i C 1 -^ 8 ■* 2l a I h +2l a 3 r h 8 ^ < r„* -r^ +2x^ -2x^,3 )y & 

— -■ a — ___________ 

J- (2x a 2 -l+r lj a -2x a x 1) )y 1) + (l-r 1) a -2x a x lj +2x l3 a )y a 

Tho fraction is transformed hy substituting y^ - 
y a and, in the upper ri'sht parenthesis, ■ x-jj 3 = x^r^ 2 . 

The terms at the lower left and upper ri-;ht then mutually 
cancel and there is obtained: 



I- : I a = r^ (59) 



[i 



n0 o^ __ . (xy-x a ) (Ji-r^Ja? 



c ua-l 



n — >>«» 



y a [2 1 T(x 1} r 1) +x a ) - n tan a(-J 1 +r 1 a J a )] 0 



(60) 
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The nunerator becones zero on account of equation (59), 
and the denoninator on account of equations (52), (53), 



,o 0 ._ ^(/^'^^/^^y) I(>) 

The functions under the integral eisns M(l) l/n 



i/ i rCl) 
and H(l) n ^i*) B &tisf7 the following conditions: The 

functions themselves as well as their derivatives with re- 
spect to n are continuous for arbitrary l and positive 
n, and possess a finite iriproper integral between the 
Units 1 = - ce> and I ■ + », The inte?rals J x and J a 

na r v therefore "be differentiated under the integral si^n 
and thero is then obtained: 

H'Cn) 

On the basis of the sane considerations that load to equa- 
tions (57) and (58), we have: 



(61) 

Those integrals nay be nunerically evaluated, and the Un- 
iting value directly conputed. The constants kj. and k 3 
aro determined by equation (55). 
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9. CARRYIHG THROUGH OP A HUMERI CAL EXAMPLE 

Ab a practical application of the procedure, let 
there he chosen an Impeller as nearly similar as possible 
to one in actual use (fig. 13). The magnitudes that de- 
termine its. shape are the following: Humher of "blades 
n = 6, "blade angle a = 60° overlap ratio m = 1.31. 
The three magnitudes give a ratio "between the radii 
r 4 : r a = 0.455. By varying the numher of "blades with a 

and m constant, impellers are obtained as shown in fig- 
ures 10 to 15. Of these impellers, naturally only those 
with n = 4 to n '= 12 are practically useful. In the 
other cases the ratios of the radii have extreme values. 
The two magnitudes a and m, determine the as-yet-free 
constants z a and z-^ of the transformation function, 
equation (18). If it is desired, with constant ratio of 
radii, to change the number of blades, it is necessary to 
change also m and hence also, z a and. z^; i.e.. a dif- 
ferent transformation function is obtained. Since only 
one transformation function will be computed as an example, 
only the impellers shown in the figures can be investigated. 

There is given m = 1.31 : a = 60°. Equation (l?): 

1 = — — — = 3.03 
h Bin 2a 

The proportions of the blade system are thus determined. 
Equation (12) is transcendental and cannot be solved for 
fj,. By trial there is found ^ = 30° 8' 

Equation (14) then gives directly = jz-j, | = 372.6 

if r fi = |z & j = 1. It is surprioing that the point z^ = 

i*b 

r-jj e lies so far from the origin. This is connected 

with the choice of m. The greater the overlap ratio, the 
farther out does the point move and the more acute is 

the triangle (0, z a , z D ). 

z a = 1 .i(n-#b) = ^ + iya . ^ m 372>6 e i*T - + iy D 
ac a = - 0.865, y a = 0.502; x^ = 322.3,. y^ = 187.1 

The individual factors of the normal velocity c n (l) can 
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now- "be computed, equations (24), (25), (29). She func- 
tions .©u'd) -1 and Cji^l) are also known and may 

"be drawn. The integrals of such complicated functions, 
naturally cannot "be expressed in finite form, nor can the 
definite integrals from' — e» to + o» "be exactly deter- 
mined. There remains practically only the possibility of 
evaluating the integrals Hi 1 and Eg'- vrhich occur in 

the two equations of condition (46) and (47), by planim- 
etering. The difficulty that tooth integrals are Improper 
is net by an approximation computation. Using equation 
(31), we nay write 

Cn'd) - J [1 ± e*(l)3. if l£V aad V '- 

(62) 

In the above equation the absolute value of the 
number e'(l) can bo made smaller than any positive num- 
ber e by choosing l Q * sufficiently large. Similarly, 
we nay write 

c n'< 1 ) - | p Cl + €(D3 and e(l)<e, if 

I > l 0 and l 0 = f(0 (63) 

Corresponding equations hold with the same e and l Q 

a * (I ) 

for the functions c n »(Ol and -Sy . ff 0 then also 

havo 1 

+00 +00 

J C a '(Wa'=| ^ Cl+€(l)] = (l+or) (64) 

lo -lo 

where a is a moan value of tho function e(l ) whence 
follows that jcrj <• e , 



+00 +oo 

/ ^KHdl=^ A « E i + e(l)] « * (1+t) (65) 

•J. I n . / I * u 3 n I 3 



whe*e T < e. "0 

Tho residual integrals from 1 Q to » nn .d fron — l Q 

to .- o° , con therefore, to any desired accuracy, bo re- 
placed by tho above closed expressions. The functions 
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c '{l ) 

ami were computed for - 1000 U I % + 

1Q00 "by the exact equation (22), thon in the interval 
1000 < I < l Q "by equation (62 ) » The- value of l Q was 

variously chosen for the different computations, ' e' "boin^ 
neglected. Tho residual integrals were replaced "by equa- 
tions (S4) and (65), where a?ain 0" and T wore neglected. 

e, cr, T can easily ho estimated so that the integrals nay 
he evaluated to an error of less than 1 percent. Tho nu- 
merical results are colloctod in tho tahlo "below, and the 

functions ~- = f. (n) and = f a (n) ore plotted in 

o ' c ua 

figures 16 and 17. 



n 




N 3 » 


r i 


2*1 


Do* aOo 1 
D o °ua 


1 


445 


0.01445 


0.00851 


0.020 


+0.377 


2 


310 


.0569 


.0923 


.234 


+ ,514 


3 


242 


.1025 


.2042 


.433 


+ .579 


6 


150,7 


.152 


.4545 


.715 


+ ,679 


12 


83,8 


.1447 


..672 • 


.816 


+ rf 685 


24 


44.9 


.0957 


.8198 


.92 


+ .704 



The values u) Q 1 for an arbitrary number of "blades 
may he computed to the accuracy obtainable with the pla- 
nimoter. . The computation- of 0 o * , however, "becomes in- 
accurate for a hi«:h numher of "blades hecauso 0 Q * is com- 
puted as a difference, end for n — >oa Itsolf approaches 
zero. Thus, for example, for n = 24 0 0 1 = - 1.723 + 2.17 

£ + 0,45. The figure 2.17, is ohtainod hy ' planimet orin^ 

and contains the unavoidable . inaccuracy . The error made 
in planiireterina; , as the figures ahow, is approximately 
quintupled. This is nainly the result of the extreme ra- 
tio of radii t±/t& = 0.82. (Also the value c^ = u a - 
w^q is determined as a difference.) In actual pumps, such 
values' of the . ratio of radii do not occur and an accuracy 
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of 2 percent mar "be attained \7ith relativo ease. The lim- 
iting- value' for n0 o '/e^a for infinite - n is from equa- 
tion (60) found to he 



the required integrals coin*; evaluated by tho planineter.. 
Pigure 17 shows the result, familiar in punp design, that 
that the torque of a punp is always smaller than tho value 
computed by the Euler nothod. Only experiment can decide 
how far the theoretically computed values agree with those 
empirically obtained. Of the assumptions made here, that 
of f rictionless fluid is of the greatest importance. It 
makes necessary the assumption of an initially given cir- 
culation since no vortices or circulation can arise in a 
frlctionlesB fluid under any circumstance. Practically, 
vortices do arise which are shed from the "blade tips and 
carried along with the fluid. limy tests, nevertheless, 
have shown that the flows in centrifugal machines in the 
normal operating condition do approach potential flows 
very closely. (See, for example, the dissertation of 
Oertli , Zurich, and also the older works of Schuster and 
Ellon in €he Porschungshof ten des 7.D.I., noo. 82 and 102.) 
The normal operating condition for ever;' pump is character- 
ized by a definite ratio of rate of discharge to rotational 
speed. If this ratio is strongly varied - i.e., for ex- 
treme operating conditions - flows are obtained that no 
longor agroo with those obtained by tho computation. Prac- 
tically no infinite velocities can ariso either at the 
entrance or the exit of the impeller, oven with no inpact- 
freo entrance and tangential exit, Moreover, tho compu- 
tation does not predict how far the tangential flow is 
maintained. Information on this can be obtainod only 
through physical investigations (analogous to airfoil in- 
vestigations of airplanes). Thus, thero are limits to 
tho agroomont bet wo en actual flow and that determined by 
computation. The determination of these limits is not 
essential, however, if the investigation is restricted to 
tho normal operating condition, and since it is this lat- 
ter condition that is practically of greatest interest, 
the above computations are of somo importance. 




Translation by S. Roiss, 
National Advisory Committo'e 
for Aeronautics. 
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Tigs. 1,2,3,4,5,6,7,8,9 



w plane 




z plane 




Figure 1. 



Figure 2. 



Figure 3. 




Figure 7 



Figure 8 



Figure 9 
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Figure 16 



Figure 17 
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